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abstract. We prove compactness of solutions to some fourth order equations with exponential nonlin- 
earities on four manifolds. The proof is based on a refined bubbling analysis, for which the main estimates 
are given in integral form. Our result is used in a subsequent paper to find critical points (via minimax 
arguments) of some geometric functional, which give rise to conformal metrics of constant Q-curvature. 
As a byproduct of our method, we also obtain compactness of such metrics. 
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1 Introduction 

Consider a compact four-dimensional manifold (M,g) with Ricci tensor Ric g and scalar curvature R g . 
The Q- curvature and the Paneitz operator, introduced in [7], [41] and [42], are defined respectively by 

(1) Q g = ~(A g R g -R 2 g + 3\Ric g \ 2 ); 

(2) P g (<p) = A> + div (^R g g - 2Ric)j dip, 

where tp is any smooth function on M, see also the survey [19]. 

The Q-curvature and the Paneitz operator arise in several contexts in the study of four-manifolds 
and of particular interest is their role, and their mutual relation, in conformal geometry In fact, given a 
metric g — e 2w g, the following equations hold 

(3) P g = e~ 4w P g ; P g w + 2Q g = 2Q g e 4w . 

A first connection to the topology of a manifold is a Gauss-Bonnet type formula. If W g denotes the 
Weyl's tensor of M, then one has 



M 



Qy + ^ ) dV g = 4tt 2 X (M), 



where dV g stands for the volume element in (M,g) and x(M) is the Euler characteristic of M. In 
particular, since | W g \ 2 is a pointwise conformal invariant, it follows that J M Q g dV g is a global conformal 
invariant. 
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To mention some geometric applications we recall three results proven by Gursky, [31], and by Chang, 
Gursky and Yang, [13], [14] (see also [30]). If a manifold of positive Yamabe class satisfies J M Q g dV g > 0, 
then its first Betti number vanishes. Moreover there exists a conformal metric with positive Ricci tensor, 
and hence M has finite fundamental group. Furthermore, under the additional quantitative assumption 
J M QgdVg > i J M \Wg\ 2 dV g , M bust be diffeomorphic to the four-sphere or to the projective space. In 
particular the last result is a conformally invariant improvement of a theorem by Margerin, [39], which 
assumed pointwise pinching conditions on the Ricci tensor in terms of W g . 

Finally we also point out that the Paneitz operator and the Q-curvature (together with their higher- 
dimensional analogues, see [5], [6], [27], [29]) appear in the study of Moser-Trudinger type inequalities, 
log-determinant formulas and the compactification of locally conformally flat manifolds, see [4], [7], [8], 
[15], [16], [17]. 

As for the uniformization theorem, one can ask whether every four-manifold (M, g) carries a conformal 
metric g for which the corresponding Q-curvature Q g is a constant. Writing g = e 2w g, by (3) the problem 
is equivalent to finding a solution of the equation 

(4) P g w + 2Q g = 2Qe 4w , 

where Q is a real constant. In view of the regularity results in [47], solutions of (4) can be found as 
critical points of the following functional 



(5) II(u) = {P g u,u)+A Q g udV g -kplog e 4u dV g ; ueH 2 (M), 

JM JM 

where we are using the notation 



(P g u,v)=J ^AguAgV+^RgVgU-VgV-2(Ric g VgU,VgV)jdVg; u,veH 2 (M), 



and where 



(6) k P = [ ■ 

JM 



Q 9 dVg. 

Problem (4) has been solved in [17] for the case in which P g is a positive operator and kp < 8ir 2 (8ir 2 is 
the value of kp on the standard sphere). Under these assumptions by the Adams inequality, see (16), the 
functional // is bounded from below and coercive, hence solutions can be found as global minima. The 
result has also been extended in [9] to higher-dimensional manifolds (regarding higher-order operators 
and curvatures) using a geometric flow. A first sufficient condition to ensure these hypotheses was given 
by Gursky in [31]. He proved that if the Yamabe invariant is positive and if kp > 0, then P g is positive 
definite and moreover kp < 8tt 2 , with the equality holding if and only if M is conformally equivalent to 
S 4 . Other more general sufficient conditions are given in [32]. The solvability of (4) also turns out to be 
useful in the study of some interesting class of fully non-linear equations, as it has been shown in [14], 
with the remarkable geometric consequences mentioned above. 

We are interested here in the more general case when P g has no kernel and kp ^ 8fc7r 2 for k = 1, 2, 

These conditions are generic, and in particular include manifolds with negative curvature or negative 
Yamabe class, for which kp can be bigger than 8tt 2 . 

In the case under investigation the functional // can be unbounded from below, and hence it is 
necessary to find extrema which are possibly saddle points. As we shall explain below, in order to find 
these critical points it is useful to study compactness of solutions to perturbations of (4) . 

Therefore we consider the following sequence of problems 

(7) P gUl + 2Q t = 2k t e iu ' in M, 
where (ki)i are constants and where 

(8) Q l - Q in C°(M). 
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Without loss of generality, we can assume that the sequence (ui)i satisfies the volume normalization 

(9) f e iu 'dV g = l for all I, 

Jm 

which implies that we must choose ki — J M QidV g . 
Our main result is the following. 

Theorem 1.1 Suppose ker P g = {constants} and that {u{)i is a sequence of solutions of (7), (9), with 
(Ql)l satisfying (8). Assume also that 

(10) fc := / QodVg ^ 8kir 2 for k = 1,2, ... . 
Then (ui)i is bounded in C a (M) for any a £ (0, 1). 

The main application of Theorem 1.1 concerns the case Q — Q g - Indeed, if a sequence of solutions to 
(7)- (9) can be produced, its weak limit will be a critical point of the functional II and a solution of (4). 
This is indeed verified in [26] under the assumptions of Theorem 1.1 (with Qo = Qg)- As a consequence 
one finds conformal metrics with constant Q-curvature for a large class of four manifolds. We have indeed 
the following result, announced in the preliminary note [25] with some sketch of the ideas. 

Theorem 1.2 ([26]) Suppose ker P g — {constants} , and assume that kp ^ 8fc7r 2 for k = 1,2, ... . Then 
equation (4) has a solution. 

The proof requires a minimax scheme which becomes more and more involved as k increases and when 
P g possesses negative eigenvalues. This scheme extends that in [24], which in our case would correspond 
to P g > and k a e (8tt 2 , 16tt 2 ). 

The way we use Theorem 1.1 in [26] is the following. First, for p in a neighborhood of 1, we introduce 
the modified functional 

II p (u) = (P g u,u) + Ap [ QgudVg - kpplog [ e iu dV 9 ; u e H 2 (M), 
Jm Jm 

and, using the minimax scheme, we prove existence of Palais-Smale sequences at some level c p . It turns 
out that the function p c p is a.c. differcntiable and, following an idea in [45] (used also in [24], [33], 
[46]), we prove existence of critical points of II p for those values of p at which c p is differentiable. Then 
we are led to consider (7) for Qi = piQ g , where (pi)i is a suitable sequence. 

Theorem 1.1 applies also to any sequence of smooth solutions of (4). Therefore, as another application, 
we have the following result, which extends a compactness theorem in [17]. 

Corollary 1.3 Suppose ker P g = {constants} and that k p ^ 8fc7r 2 for k = 1,2, . . . . Suppose (ui)i is a 
sequence of solutions of (4) satisfying (9). Then, for any m G N, (m;); is bounded in C m (M). 

Corollary 1.3 has a counterpart in [35] (see also [21]), where compactness of solutions is proved for a 
mean field equation on compact surfaces. 

The case when kp is an integer multiple of 87r 2 is more delicate, and should require an asymptotic analysis 
as in [3], [20], [21], [35] (see also the references therein). An interesting particular case of this situation 
is the standard sphere. Being an homogeneous space, the Q-curvature is already constant and indeed 
all the solutions of (4) on S* 4 , which have been classified in [18], arise from conformal factors of Mobius 
transformations. Henceforth, a natural problem to consider is to prescribe the Q-curvature as a given 
function / on S 4 . Some results in this direction are given in [10], [38] and [48]. Typically, the methods 
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are based on blow-up or asymptotic analysis combined with Morse theory, in order to deal with a possible 
loss of compactness. 

The Paneitz operator and the Q-curvature can be considered as natural extensions to four-manifolds of, 
respectively, the Laplace Beltrami operator A 9 and the Gauss curvature K g on two-dimensional surfaces. 
In fact, similarly ro P g and Q g , these transform according to the equations 

(11) A a = e- 2w A g ; -A g w + K g = K g e 2w 1 

where, again, g = e 2w g. Hence, in the case of a flat domain S1C1 2 , one is led to study equations of the 
form 

(12) -A Vl = Ki(x)e 2vi in fi. 

In [12] the authors proved, among other things, that if (K{)i are non-negative, uniformly bounded 
in L°°(SY) and if J n e 2ui < C, then either (vi)i stays bounded in Lf£ c (Q,), or v\ — > — oo on the compact 
subsets of 0, or Kie 2vi concentrates at a finite number of points in £1, namely Kie 2vi — Yjl=i a i$Xi ($e 4 
stands for the Dirac mass at x%). In the latter case, they also proved that each on is greater or equal 
than 4ir. This result was specialized in [36] where, assuming that Ki — > Kq in C°(f2) and using the 
sup+inf inequalities in [11], [44], the authors proved that each on is indeed an integer multiple of 47r. 
Chen showed then in [23] that the case of a multiple bigger than 1 may indeed occur. On the other 
hand, if £1 is replaced by a compact surface (subtracting a constant term to the right-hand side, to get 
solvability of the equation), then each on is precisely 47r, see [35]. The same result is obtained in [40] for 
approximate solutions in domains, but with an extra assumption on the L°° norm of the error terms. 

Our argument for the proof of Theorem 1.1, which we outline below, relies on proving a quantization 
result for the volume of blowing-up solutions as in [36] . The main idea is to show that at every blow-up 

a 2 

point the volume is a multiple of Then, proving also that there is no residual volume amount, we 
reach a contradiction with (9) since we are assuming that ko is not an integer multiple of 8n 2 . However, 
instead of using pointwise estimates on the solutions, as in [12] or [36], our results are mainly given in 
integral form, see Remark 1.4. 

Except for the last subsection, we work under the assumption 

(13) fc e (8fc7r 2 ,8(fc + 1)tt 2 ), fceN, 

since this case contains most of the difficulties. 

The plan of the paper (and the strategy of the proof) is the following. In Section 2 we collect some 
preliminary facts including a modified version of the Adams inequality, to deal with the presence of 
negative eigenvalues, and some L p estimates on the first, second and third derivatives of the solutions. 

In Section 3 we derive a compactness criterion based on the amount of concentration of the nonlinear 
term, see Proposition 3.1, and then we study the asymptotic profile of ui near the concentration points. 
In particular we prove that the minimal volume accumulation is see (39). 

In Section 4, which is the core of our analysis, we introduce the notion of simple blow-up (adopting the 
terminology used by R.Schoen) and we show in Proposition 4.2 that at such blow-ups the accumulation is 

o 2 

exactly 2ZL. . In order to prove this we use some integral form of the Harnack inequality, see in particular 
Subsection 4.1, combined with a careful ODE analysis for the function r u r ^. Here u r ^ denotes, 
naively, the average of ui on an annulus A r of radii r and 2r centered near a concentration point. 

Finally, in Section 5 we show how a general blow-up situation can be essentially reduced to the case 
of finitely-many simple blow-ups. In particular, we prove that at any general blow-up point the amount 
of concentration is an integer multiple of Recalling the normalization (9) and that ko ^ Skit 2 for 
any integer k, we reach then a contradiction to the fact that (ui)i is unbounded in some C a norm. In 
Subsection 5.2 we consider the case k < 8n 2 , which is easier and requires only the analysis of Section 3. 

In our proof we exploit crucially the fact that we are working on a compact manifold, since we often 
make use of the Green's representation formula. We also point out that our assumptions on M are generic 
and do not require the metric to be locally conformally flat or Einstein. 
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Remark 1.4 It is an open problem to understand whether the functional II itself (see (5)J possesses 
bounded Palais-Smale sequences, or equivalently if it is possible to find solutions of (4) without introducing 
the perturbed functional II p . 

The reason why we kept most of our estimates in integral form is that many of them could be applied 
to functions of class H 2 only (not necessarily smooth or bounded) and we hope that some could be useful 
to understand the question. At the moment, in particular, the counterparts of Proposition 4-2 is missing 
for Palais-Smale sequences and we need the full rigidity of equation (7). For related topics see [40]. 
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2 Notation and preliminaries 

In this brief section we collect some useful preliminary facts, and in particular we state a version of the 
Moser-Trudinger inequality involving the Panetiz operator. In the following B r {p) stands for the metric 
ball of radius r and center p. We also denote by \x — y\ the distance of two points x, y € M. H 2 (M) is 
the Sobolev space of functions on M which are in L 2 (M) together with their first and second derivatives. 
Large positive constants are always denoted by C, and the value of C is allowed to very from formula to 
formula and also within the same line. 

As already mentioned, throughout most of the paper we will work under the assumption (13). When the 
operator P g is positive definite, by the Poincare inequality the H 2 norm is equivalent to the following one 

(14) ||u|| 2 = (P g u,u) + [ u 2 dV g ; ueH 2 (M). 

Jm 

Being M four-dimensional, H 2 (M) °-> L P (M) for all p > 1. We have indeed the following limit-case 
embedding, proved in [1] and [8] for the operator A 2 and extended in [17] for the Pancitz operator. 

Proposition 2.1 If P g > 0, there exists a positive constant C depending on M such that 

(15) f e 32 K < r^ ) dVg < C; for every ue H 2 (M), 
where u = Vo ^ M ^ J M udV g denotes the average of u on M. The last formula implies 

(16) log / e i{u -^dV g <C+ -^(P g u, u); for every u e H 2 {M). 

Jm 8tt^ 

Here we are interested in the case in which P g might possess some negative eigenvalues. We denote by 
V C H 2 (M) the direct sum of the eigenspaces corresponding to negative eigenvalues of P g . Of course the 
dimension of V is finite, say k, and since P g has no kernel and is self-adjoint we can find an orthonormal 
basis of eigenf unctions v\ , . . . , v% of V with the properties 

(17) P g Vi = XiVi, i = l,...,k; Ai < A 2 < • • • < \j < < A I+1 < . . . , 

where the Aj's are the eigenvalues of P g . Having introduced the subspace V, we need a modified version 
of the Adams inequality. 
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Lemma 2.2 Suppose P g possesses some negative eigenvalues, that kerP g — {constants} , and let V 
denote the direct sum of the negative eigenspaces of P g . Then there exists a constant C such that 

/• 32» 2 (»-¥) 2 

(18) / e dV g < C; for every function u e H 2 (M) with ii = 0. 
Jm 

Here u denotes the component of u in V. As a consequence one has 

(19) log / e^-^dVg <C+ -^{P g u, u),\ for every function u £ H 2 (M) with u = 0. 

Jm ^ 

Proof. The proof is a variant of the arguments of [8] and [17]. If v± , . . . , % and Ai, . . . , are as in 
(17), we introduce the following positive-definite pseudo-differential operator P+ 



P+u = P g u - 2 V A, ( [ uv t dV g 
i=i \ Jm 



Basically, we are reversing the sign of the negative eigenvalues of P g . The operator P+ admits the 
following Green's function 

k 

G + (x,y) = G(x,y) - 2^ XiVi(x)vi(y), 

i—1 

where G(x,y) corresponds to P g . Then the arguments of [17] (see also [1], [8]), which are based on 
representations for pseudo-differential operators, can be adapted to the case of P+, yielding 

/ e < p 9 + " "> dV g <C for every ueH 2 (M). 

Jm 

Applying the last formula to functions for which u = 0, we obtain (18). Finally, from the elementary 
inequality Aab < 32ir 2 a 2 + g^& 2 , applied with a = (u — u) and b = (P g u 7 u}, we also obtain (19). ■ 



Theorem 1.1 is proved by contradiction. We claim that unboundedness in some C a norm is equivalent 
(under the assumption (13), which implies fc; > for / large) to the following condition 

(20) \\ui — ui\\ — > +oo as I — > +oo. 

In order to prove this we first notice that, by (9) and the Jensen inequality, u; is uniformly bounded from 
above. Assuming that \\ui — Ui\\ is uniformly bounded (which implies, in the above notation, that also 

— Hi — tt;|| is uniformly bounded), then by (19) the right-hand side of (7) is also uniformly bounded 
in L V {M) for every p > 1. By elliptic regularity, then (ui)i would be uniformly bounded in W 4 ' P (M), 
and hence in C a (M) for any a e (0, 1) by the Sobolev embeddings. 

Hence from now on we assume that there exists a sequence (tt;); satisfying (7)-(9) and (20). 



We prove now a preliminary integrability result on the first, second and third derivatives of ui. 

Lemma 2.3 Let (ui)i be a sequence of solutions of (7)-(9), with (Qi)i satisfying (8), and let p > 1. 
Then there is a constant C depending only on p, M and fco such that, for r sufficiently small and for any 
x G M there holds 

f \V 3 ui\ p dV g <Cr 4 - 3p ; f \V 2 ui\ p dV g < Cr 4 ' 2 ?; f \Wui\ p dV g < Cr 4 - p , 

J B r (x) J B r (x) J B r (x) 

where, respectively, p < |,p < 2 and p < 4. 
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Proof. We write 

PgUl = fi, 

where 

(21) /, = 2he iu > - 2Ql 
We have the following representation formula 

(22) ui{x) =ui+ [ G(x, y)fi(y)dV g (y), for a.c. x e M, 
where, by the results in [17], G : M x M\ diag is symmetric and satisfies 



(23) 



G{x, y) — log ■ 



<C, Xl yeM,x^y, 



8w 2 \x — y\ 
while for its derivatives there holds 

(24) \VG(x,y)\ <C—^—- |V 2 G(x, y)\ < C—^—,- |V 3 G(x, y)\ < C-. 



.'• - III ' ' \x-y\ 2 ' '' |a;-y| 3 ' 

The last two estimates in (24) are not shown in [17] but they can be derived with the same approach, by 
an expansion of G at higher order using the parametrix, see also [2] . Similarly (this formula will be used 
later in the paper), one also finds that 

(25) V x G(x,y) = -Lv x \og—!— + 0(l). 

8tt 2 \x — y\ 

Recalling the definition of /; in (21), we obtain 

|V 3 «i|(aO < C [ | j , 3 \fi(v)\dV g (y), for a.c. x € M. 

Jm \ x y\ 

Then, from the Jensen's inequality it follows that 

|V^|»<C/ (M^Y \^-dV g (y) for,,, £ M. 
Jm\ \x- y\ A J ||/;||li(m) 

The Fubini's Theorem implies 

J \^ Ul nx)dV g (x) < C sup J —L^dV g (x) <cf -l—dV g {x). 

J B x (x) yeM J B x (x) \ x ~ V\ JB x (x) F x \ 

The last integral is finite provided 3p < 4, as in our assumptions, and can be estimated using polar 
coordinates, giving 

[ \V 3 Ul \ p (x)dV g (x) <C(p,My- 3p . 

J B x (x) 

This concludes the proof of the first inequality in the statement of the lemma. The remaining two follow 
similarly. ■ 

3 The bubbling phenomenon 

In this section we study the local behavior of unbounded sequences of solutions at a concentration 
point. In subsection 3.1 we give compactness criteria when the amount of concentration is below a 
certain threshold. Then, in Subsection 3.2, we reduce ourselves to the preceding situation using a scaling 
argument. As a byproduct we describe the asymptotic profile of ui, proving that it has the form of a 
standard bubble, and we show that the amount of volume concentration at any blow-up point is greater 
or equal than 
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3.1 Concentration-compactness 

In this subsection we give a concentration-compactness criterion for solutions of the equation P g v = h on 
M. In the case of the sphere a similar result has been shown in [9], and our proof basically goes along 
the same line. However we prefer to write the details, since some of them will be needed in the following. 

Proposition 3.1 Let (hi)i C L (M) be a sequence of junctions satisfying j M \hi\dV g < C for every I. 
Let vi be solutions of P g vi = hi on M. Then, up to a subsequence, either for every I 

I e" 1 *"-"'' dV g < C for some C > and some a > 4, 

or there exists points x\, . . . , Xl € M such that, for any r > and any i e {!,...,£,} there holds 



(26) 



lim inf 



\hi\dV g > 8tt 2 . 



l^+oo J Br ( Xi ) 

Proof. Assume the second alternative does not occur, namely 



(27) 



for every x € M there exists r x > such that 



/ 

JB rx {x) 



\hi\dV g <^ 2 -8 x , 



for some 5 X > and for I sufficiently large. We cover M with j balls Bi := Br Xi (xj), i = 1, . . . ,j. Using 

2 

(22) and setting B r:L , (xi) = Bi, for a.c. x e Bi we can write 

(28) vi(x)-vi= j h l (y)G(x,y)dV g (y)+ f h l (y)G(x,y)dV g (y). 

JBi JM\Bi 



Hence if a > 0, for a.c. x € Bi we have 
(29) exp [a(vi (x) - vi)] = exp 



f aG(x,y)hi{y)dV g (y) 

JB % 



exp 



M\B % 



aG(x,y)h l {y)dV g (y) 



Since G is smooth outside the diagonal, and since j M \hi\dV g is uniformly bounded, there exists a positive 
constant C (independent of I) such that 



exp 



/ aG(x, 

J M\Bi 



y^^dVgiy) 



< C, for any x e Bi. 



Then by (29) we have 



/ exp 


[/ 


'Bi 


.JM 



dV g (x). 



Now, as in [12], we can use the Jensen's inequality to get 



exp 



f a\G{x,y)\\hi{y)\x Bi dV g {y) <[ exp [a\\hix B .\W{M)\G{x,y)\] J l * B <^ dV g (y), 
Jm J Jm \\hiX Bi \\LHM) 



\hX Bi \\Li{M) 

and hence, by the Fubini Theorem and (30) 

/ exp[a(vi(x) ~ vi)]dV g (x) < C sup / exp [a\\hix B .\\ L ^(M)\G{x,y)\] dV g (x). 

JBi yGMJM 

By (23), there holds 



/ exp [a\\hix B .\\ L ^{M)\G{x,y)\] dV g (x) < C [ (— !- 

JM JM \ \ x ~ 



dV g (x). 
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The last integral is finite if 

(31) ^*bM(m ) <4 ^ a J_ MdVg <^. 



By (27), this is satisfied for some a > 4 provided we take I is sufficiently large. We have shown that 
Ib e a( - Vl -~ l) dV g < +oo for every i = 1,...,L. Since M is covered finitely many Bi's, the conclusion 
follows. ■ 

Remark 3.2 Using the same proof, it is possible to extend Proposition 3.1 to the case in which also the 
metric on M depends on I, and converges to some smooth g in C m (M) for any integer m. We have to 
use this variant in the next subsection. 

3.2 Asymptotic profile 

We consider now the alternative in Proposition 3.1 for which compactness does not hold, applied to the 
case hi = 2fc;e 4 "' — Qi. We assume that there exist p € ^0, j^j, radii (ri)i, (fi)i and points {xi)i C M 
with the following properties 

(32) ^-0; ?^0; / e 4ui dV g =p; ( e iui dV g <^- for every y e B h (*, ) . 

ri JB ri (xi) JB ri {y) «0 

Remark 3.3 If the second alternative in Proposition 3.1 holds, an example of the situation described in 
(32) is the following. Choose ri,xi satisfying 



(33) / e^dVg = sup / e iul dV g =p. 

JB n {xi) xeMjB n (x) 

Then r ; — > as I — > +oo 7 and we can take fi = r ; 2 . 

Given a small S > 0, we consider the exponential maps 

ex P ;:Sf^M; exp ; (0)=a; ( , 

where Bf* = {i£l 4 : |x| < <5}. We also define the metric gi on Bf* by gi :— (exp ; )*(j, and the 
functions ui : Bf* R by 

ui = uio exp ; . 

Now in R 4 we consider the dilation T; : x ^ rix, and we define another sequence 

(34) u t (x) = in (T t x) + log n , x& BK ■ 

n 

Using a change of variables, one easily verifies that the function Hi solves the equation 

PgM*) + 2 Qi(x) = 2fc I e 4a '( a! ); x e Bf* . 

Hence, setting g t = r^ 2 Tj*gi and using the conformal properties of the Pancitz operator we obtain that 
ui satisfies 

(35) P gi ui(x)+2rlQi(Tix) = 2kie i ^- : x&bK- 

n 

Note that the metrics gi converge in C ; ™ C (R 4 ) to the flat metric (dx) 2 for any integer m. Also, since (Qi)i 
are uniformly bounded functions on M, one also finds 

rfQ 5l (T,.)^0 mQ° oc (R 4 ). 
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By (32), using a change of variables we obtain 



(36) p = [ 

J E 



e iui dV g = / e 4 " 



where o;(l) — > as I — > +oo. Note also that the sets ^-(exp;) 1 B ri (xi) C ]R 4 approach the unit ball Bf 
as Z — > +oo. Moreover, by the last inequality in (32) and by our choice of p, it is easy to derive that 



7T 2 



(37) / e iUl dV k < '— for every y <G B\ 

JB'f (y) ^0 2r, 



2 



Regarding the functions iii, we have the following convergence result. 

Proposition 3.4 Suppose p e (o, j^j, (arj)j and satisfy (32), and Zet &e defined by 

(34). T/ien fftere erciste A > 0, x € M 4 and a e (0, 1) swc/i i/iai 



a ^4, ■„ w 2 c(r4) 



for some a € (0, 1), where the function Uoo is given by 

(38) ^^- lQ g l + A 2 |LoP 'I 10g G fc °) ; XeM4 - 
Moreover, if b\ — ► +oo sufficiently slowly, one has 

(39) / e 4tl! dV 9 -» ^- as / -» +oo. 

JB biri { Xl ) KO 

Proof. Given i? > 0, we define a smooth cut-off function *S? R satisfying 

V R (x) = 1, for |x| < 



Vr{x) = 0, for \x\ > R 



We also set 



ai = Tnwni uidV §l ; vi = ^ R ui + (l-^f R )ai = ai + ^ R (ui-ai); 



5 i? I 

vi =vi - aj. 



We notice that the functions coincide with a; outside and that t); is identically zero outside B^ . 
By Lemma 2.3 and some scaling argument one finds 



(40) 



/ (|V 3 u z |f + \v 2 u l \P + \Vu l \P)dVg l <C R - leN, P e 



and hence by the Poincare inequality (recall that the vi's have a uniform compact support) it follows that 
(41) f \vi\ P dV~ gi <C R ; igN.pefl,^ 



By (35) there holds 



P k vi = (A gi ) 2 [^ R (ui-ai)]+Li[^ R (ui-ai)] = ^ R P gi ui+Li(ui-ai) 
(42) = 2k^ B e^'+f h 
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where 

f l = L l (u l -ai)-2rfQi{T l -). 

Here (£/)/ are linear operators which contain derivatives of order 1 and 2 with uniformly bounded and 
smooth coefficients. Also, (Li)i are linear operators which contain derivatives of order 0, 1, 2 and 3 with 
uniformly bounded and smooth coefficients. As a consequence, by (40) and (41) one has 

(43) l\fi\ p dV gi <C R ; leN.pe (l,^). 
Hence using (37) and Remark 3.2 one finds 

(44) / e 4qih dV g , < C for some q > 1 

and for some fixed constant C . Remark 3.2 applies indeed to the case of a compact manifold while in 
the present situation we arc working in K 4 (endowed with the metric <?/). But since all the functions Vi 
vanish identically outside , we can embed a fixed neighborhood of (Bf R ,gi) into a compact manifold, 
a torus for example, such that its metric (coinciding with gi on Bifii) converges to the flat one. 
On the other hand, from (37) we deduce 



> R | JB% <±\-D R 

and from (36), since vi = ui in £?* 

C- 1 < ( e 4vi dV gi < e 4a ' { e 4i>l dV gi < Ce 4ai . 
This implies a/ > — C, and hence we find 

\a t \ < C. 

As a consequence of this estimate and (44) we get the following uniform improved integrability for in 
(recall the definition of vi and in) 



L 



e 4qii 'dV gi <C, for some q > 1. 



This estimate, joint with (40), (42), (43) and standard elliptic regularity results, yields that in is bounded 
in W 4,q (B\ ). Hence, by the arbitrarity of R, (it/)/ converge strongly in C" oc (R 4 ) for some a e (0, 1) and 

strongly in H? oc (R 4 ) to a function e C£ C (K 4 ) U H? oc (R 4 ). 

Now we prove that Uoo has the form in (38). First of all, we test equation (35) on a smooth function 
ip with compact support. Integrating by parts we obtain 

(P gi u l ,^)+2r 4 f Qi(Ti-)ipdV gi = 2k t f e 4 ^ V dV gi . 

JR 4 JR 4 

As I tends to infinity we get 

{P^uoo, ip) = 2k / e 4 "~^ R 4 + 0I (1). 

JR 4 

Hence the limit function satisfies 

(45) Ajj^Uoo = 2/c e 4 "°° in R 4 , 
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and, by semicontinuity 

(46) / e 4 "°W R 4 < 1, 

JR 4 

since by (9) and some scaling there holds J BK 4 e 4ui dV gi < 1. 

_<5_ 

t i 

The solutions of (45)-(46), with k > 0, have been classified in [37], and one of the following two 
possibilities occur 

(a) Woo is of the form (38), or 

(b) A R 4Uoo has the following asymptotic behavior 

(47) — A R 4U oc (x) — > a > for \x\ — ► +oo. 

Following [43], we show that the second alternative does not happen. In fact, assuming (b), for R large 
we have 

(48) lim f (-A fll u,)dK a , - / (-A R 4Woo)rf^ ~ ^aR 4 , 

where w 3 = |5 3 | = 2ir 2 . Scaling back to M (recall that the dilation factor is r;), we obtain 

(49) lim / (-Aui)dV g ~ Ca&rf, 

l^+co JB Rri (x,) 

for some C > 0. On the other hand, by Lemma 2.3 we get 

(50) / {-A Ul )dV g < C rfR 2 . 

JB Rn {xi) 

Taking R sufficiently large, from (49) and (50) we reach a contradiction. 

Hence the alternative (a) holds and zioo arises as a conformal factor of a stereographic projection of 
S 4 onto R 4 , which must satisfy 

(51) / e 4 ^dV R , = ^. 

JR 4 fe 

This concludes the proof. ■ 

4 Simple blow-ups 

In this section we consider an unbounded sequence of solutions (m)i and we examine a particular class of 
blow-up points, which we call simple, in analogy with a definition introduced by R.Schoen. In Proposition 
4.2 below we give some quantitative estimate on the concentration at simple blow-up points. Then in the 
next section we show that every general blow-up phenomenon can be essentially reduced to the study of 
finitely many simple blow-ups. In the following i(M) denotes the injectivity radius of M. 

Definition 4.1 If (m)i satisfies (7) and (9), we say that the three sequences (xi)i C M, ri — ► 0, (si)i C 
R+; < i(M) are a simple blow-up for (ui)i if the following properties hold 



(52) — -» +oo; 3Ri -» +oo s.t. 

n 



"^ log TTTT"4 log G fco 



0; 



ff*(BgJ)nc-(^J) 



(53) Mp > 03C P > s.t. if / e 4ui dV g > p with B s (y) C B si {xi) \ B Rm (x), then s > C'^y - x t \, 

Jb s (v) 

where ui is defined in (34). 
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The main result of this section is the following proposition. 

Proposition 4.2 Suppose (xi)i, (ri)i, (s/); are a simple blow-up for («{)/. Then there exists a fixed 
C > such that 



(-.4) / ( '<w s = ^! +0i (i), 



B c- 



.,(*.) 



w/iere o;(l) — ► as Z — > +oo. 



Remark 4.3 (a) We notice that, if u i satisfies the assertion in Proposition 3.4, it is always possible to 
modify (xi)i and (ri)i in order to get x — and A = 1. 

(b) Proposition 4-2 is basically an improvement of formula (53) to a sequence of sets with larger size. 

The proof of Proposition 4.2 is based on the analysis of the next two subsections. In the first we prove 
some Harnack inequality in integral form while in the second, defining 

(55) A rt i ={x e M : r < \x - x t | < 2r} , 
we study the average of ui on A r j as a function of r. 

4.1 Integral Harnack-type inequalities 

In this subsection we prove some integral Harnack-type inequalities for the functions (ui)i near simple 
blow-ups. Although it is maybe possible to get pointwise estimates on the solutions, for our purposes 
it is sufficient to get integral volume estimates. We need first a preliminary result involving the average 
of the Green's function G on annuli. Given p e ^0, j^j , let C p be the corresponding constant in (53) 
(which we can suppose bigger than 1), and we define the following sets 

(56) A' rl = jxe M : < \x - x t \ < ^rj C A rX , r £ (om,a,) ; 

(57) B r (x)=B Ti _(x)QA' rX , B r (x) = B_^_(x) C A' rl , x e A' rl . 

Lemma 4.4 Suppose (xi)i C M, (s;); C M + , \si\ < i(M), and let A r j,A' rl , B r (x) be defined respectively 
in (55), (56) and (57). Then there exists a positive constant C = C(C P ), independent of r and I such 
that, setting 



Sr,l{y) = U—\l G(z,y)dV g (z), 

\ A r,l\ JA rl 



there holds 



(KM J \fM~ s^ 1 °St\ < c for every x G A' rl ,y e B r (x), r <i(M) 

[ 1 \\frAv)-G{x,y)\<C for every xeA' rtl ,yeM \B r (x); ~ ( 1 

Proof. We first notice that the following inequality holds 



(59) 



f r (y) - Jog \ 



< C; |y| < 4r, 
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where 

A r = {x € K 4 : r < |z| < 2r}; J r {y) = — ±- f log - — j — dVg*. 

\A r \K.i JA r \ z - 2/|R 4 

Here |A r | R 4 stands for the Lebesgue measure of A r and \z — y| R 4 denotes the Euclidean distance. 

The inequality is indeed trivial for r = 1 since fi(y) is bounded on Bf , while for a general r it is 
sufficient to use a scaling argument. We use (23), the exponential map and standard geometric estimates 
on M (see (69) below for the volume element) to write 

&* 2 fr,i(y) = rjn / log— !-7dv fl (*) + o(i) 

\ A r,l\ jA r ,, \V - z \ 

= (l + 0(r 2 ))^/ log^^(l + 0(r 2 ))^+0(l) 
= (l + 0(r 2 ))J r (y) + 0(l); y e B 4r (x t ). 

Jointly with (59), this proves the first estimate in (58). 

The second one is trivial for y e B± r {xi) \ B r (x), by the preceding argument. For y G M\ B± r {xi), 
we notice that 

C _1 <j^4<C ior z e A r i,x e A' 1, 

\x-y\ ' 

and we use again (23). This concludes the proof. ■ 

Next, we prove some inequality involving the integral of the function e 4tI! and the average of ui on small 
annuli. Recall the definitions of A r j and A' rl in (55) and (56), and those of B r (x), B r (x) in (57). 

Lemma 4.5 Suppose that {x{)i C M, r\ — > 0, (s;); C R +; |s/| < i(M) are a simple blow-up for (u/);. 
Suppose ai — > +oo, and define 



u r,i = — — r / M i^s! a «n < r < 



— /" 

Then, if I is sufficiently large, there exists a positive constant C ( independent of I and r ) such that 

( e 4ui dV g <C\A r .i\e 4 ^; am < r < 

Proof. Using (22) and recalling the definition of /; (see (21)) and that of f r ,i (see Lemma 4.4), we have 

u r ,i=ui+ / fr.i{y)fi{y)dV g {y). 

JM 

For x e A' rl , we divide the last integral into B r (x) and its complement, to obtain 

cxp (A(u rd - ui)) = exp 4 / f r .i{y)fi{y)dV g {y) exp 4 / fr,l{y)fl{y)dV g {y) ■ 

\ JBAx) ) \ JM\B r (x) J 

Using Lemma 4.4 and the fact that (/;); is bounded in L 1 (M), we then find 

exp(4(u r ,* -«,)) > C^exp ( ^ log- f fi(y)dV g (y) ) cxp [4 / G(x,y)f l (y)dV g (y)) . 

Hence, integrating on A r j we obtain 



! 6 r (x) f ± d v 9 
I \ 



(60) / e^'-^dV g >C~ l \A rtl \ (-) exp (4/ G(x,y)f l (y)dV g (y) 

JA r ,i \ r / \ JM\B r (x) , 
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On the other hand, again by (22), for x € A' rl and a.e. z € B r {x) we have also 

Ul (z)-ui= [ G(z,y)My)dV g (y)+ [ G(z,y)f l (y)dV g (y). 

JM\B r {x) JB r (x) 

Then, exponentiating and integrating on B r (x) we get 
(61) / e^ u ' (z ^'Uv g (z) 

JB r {x) 

= I exp (4/ G(z,y)f l (y)dV g (y))exp[4 [ G(z,y)f l (y)dV g (y)) dV g (z) 

JB r (x) \ JM\B r (x) J \ JB r (x) J 

< sup exp Uf G(z,y)fi(y)dV g (y)\ I exp ( 4 f G(z,y)f l (y)dV g (y))dV g (z). 

zeB r (x) \ JM\B r {x) I JB r {x) V J&Ax) I 



J JJ 

Now we write 



f G(z,y)My)dV g (y)= [ G(x,y)f l (y)dV g (y)+ [ 

JM\B r (x) JM\B r {x) JA 

Using (23), for z € B r {x) and i/€ M \ B r (x), we have 



(G(z,y)-G(x,y))My)dV g (y). 

M\B r (x) JM\B r (x) JM\B T (x) 



G(z, y) - G(x, y) = 0(1) + JL i og = (1). 



As a consequence we deduce 



(62) J < Ccxp ( 4 f G(x,y)f l (y)dV g (y)) . 

\ JM\B t (x) J 

We now turn to J J. Since z £ B r (x) and y G B r (x), G(z,y) is positive (for r sufficiently small), and 
hence 

( G(z,y)f l (y)dV g (y)< f G{z,y)\f t \{y)dV g (y). 

JB r (x) JB r (x) 

Using the Jensen inequality, as in the proof of Proposition 3.1, we obtain 

exp (4 f G(z,y)My)dV g (y)) < f exp Ug(z, y)\\f l \\ LH s r{x)) ) ...\f l{v)l dV g (y). 
Again (23) implies 

J J < I dV g (z) [ cxp(4G(z,y)||/,|| Ll( B r(g)) ) „ , \f liv)l dV g (y) 
JBAx) JBAx) v "/ 



r (x) JB T (x) ' \\Jl\\L^(B r (x)) 

ll/ ' ll £, 1 (Br-(^)) 

— - \m\ 



< C dV g {z) 7— -r u f \r dV g (y). 

JB r (x) JB r (x) W Z ~ y\J \\jl\\L^(B r (x)) 

Now, the Fubini theorem and some elementary computations yield 



(63) J J <C sup / dV g {z)[-i r ) <CV 4 

yeMJB r {x) 



\z-y\ 
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In the last inequality we have used the fact that ||/i|lLi(B r (ir)) 1S uniformly small since we are dealing with 
a simple blow-up, see (53), and since we have chosen B r (x) suitably. This implies that the last constant 
C is independent of r and I. From (61), (62) and (63) it follows that 



f e ^)^) dVg{z) < C r 4 - WLl J ri ' )) exp (a ( 

JB r (x) \ JM 



\\fi\\ L i ( 

G(x,y)My)dV g (y) 

lB r (x) \ JM\B T (x) 



Now the assertion of the Lemma follows from the last formula, (60) and the observation that, since 
/, = 2k t e 4u ' - 2Q U it is \\h\\ L1(Br(x)) = J Br{x) fidV g + 0(r 4 ), and hence 

r 2^ < C|A r! ;| I - J independently of r and I. 

This concludes the proof. ■ 

Next we show some further estimates involving the Laplacian of uj. Recall that we have set /; = 
2fc /e 4u ' -Q u see (21). 



Lemma 4.6 Suppose that {x{)i C M, (£;);, (Si)i C R + , i(M) > Si > > 0, and that (m)i satisfies (7) 
and (9). Suppose also that 

e 4u 'dV g <s. 

l)\Bv,(xi) 



f 

JB Sl (x,) 

Then, for any R > sufficiently large and any r £ [Sj + R, Si — R], one has 



f \x-xi\ 2 (-Aui(x))dV g (x) = (H f fidV g + o R (l) + 0(eR 2 )+o r (l) 

JA Ttl \ ° JBr_(xi) , 



r\ 



where or(1) — > as R — > +oo and o r (l) — » as r — ► 0. 
Proof. We can write (7) in the following form 

-A(-A«,) = fi+Fi(ui), 

where Fi is a linear expression in Vui and V 2 w; with uniformly bounded coefficients. If G is the Green's 
function for the (negative) laplacian on M, then it is a standard fact that 

(64) G(x,y) = (1 + (1))_ i - ; ( x ,y) eMxM\diag, 

4:ir \x — y\ 

where o(l) — > as \x — y\ — > 0, see for example [2]. Hence, using the representation formula, for a.e. 
x € ^4 r .( we obtain 

(65) -Au,(aO= / G(a^)/ ; (y)o%(y) + / ^y)^^)^)^^) := t>i,iO»0 + M*)- 
Given i? > large but fixed and for \x — xi\ = r e [£/ + i?, Sj — R] , we write 

= / G(x,y)My)dV g (y)+ [ G(x,y)f l (y)dV g (y) 

JB^(x,) JBr^xOXB^x,) 

+ [ G(x,y)f l (y)dV g (y). 

JM\B Rr (xi) 
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From the asymptotics in (64) and some scaling argument we obtain (for x G A r j) 

[ G(x,y)My)dV g (y) = (l + o r (l) + o R (l)) [ f t dV g ; 

c 



I 

J A 



M\B Rr (xi) 



G(x,y)f l (y)dV g (y) 



< 



(Rr) 



2 " 



where o r (l) — > as r — > and o#(l) — > as i? — > +oo. Moreover, by our assumptions and (21), we have 



L 



fi(y)dV g (y) < Ce; 



fi(x) > -C, 



where C is independent of r, and I. Using the Fubini theorem and reasoning as in the proof of Lemma 
2.3 it follows that 



/ dV g {x) f 

JA rJ JE 



B Kr (xi)\.B.r (x ; ) 



G(x,y)f l (y)dV g (y) 



<CeR 2 r 2 . 



The last formulas imply 



/ \x- 



xi\ 2 vi,i{x)dV g (x) = 



i + 0r (i) + o R (i) r 



4tt 2 



J b fdV g + 0{eR 2 ) + o(^^\A r , 



(66) 
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/ 

JBr (x,) 



f t dV g + Ofl(l) + 0(eR 2 ) + o r (l) r\ 



To study the integral of V2,i, we use again the representation formula and wc write 

1 



|«2,l(aO| < C / 

JE 

J 

J A 



B r2 ( xi ) \x-y\ 



+ c 



+ c 



1 



m\ Bv¥ ( Xi ) \x - y\ 



(|V 2 Ui |(y) + |V Uj |(y))^(y) 
(|V 2 U; |(y) + |V U i|(y)) dV g (y) 



f 

JB^fx 



^(xoxB^ixo \x - y\ 



(|V 2 U; |(y) + |V U /|(y)) dV g (y). 



jjj 



To estimate the first and the second integral, we notice that \x — y\ > C V and |a; — y\ > C x ^fr for 
respectively y <G B r i(x{) and y e B ^(xi) (recall that x e A r j). Hence using Lemma 2.3 it follows that 

/ T^2 (l^lfo) + l Vu 'l(2/)) dV g {y) < Cr 2 ; 

JB r2 { Xl ) \ x - y\ 

'v 2 ^(y) + |VuH(y))^a,)<-. 



MXB^xt) \x - y 



To estimate the third integral we use the Holder's inequality to find, for - + y = 1 



JJJ < C 



dV g (y) 



B^ix^B^ix,) \x ~y\ 2p 9 J [Jb^xOXB^x,) 



(\V 2 u l \(y) + \Vu l \(y)) P ' dV g (y) 



Again by and Lemma 2.3 it follows that for p > 2 (and hence for p' < 2) it is JJJ < Crp 4 . If we choose 
p e (2, 3), then | — 4 > —2, which implies JJJ < o r (l)r 2 , and hence also 



(67) 



/ v 2 , 

JA rJ 



idV g =o r (l)r 2 
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Then, choosing first R sufficiently large and then I sufficiently large, (65), (66) and (67) conclude the 
proof. ■ 



4.2 Radial behavior 

The next step consists in studying the dependence on r of the function u r j defined in Lemma 4.5. It is 
well known that in geodesic coordinates the metric coefficients gtj have the expression 

(68) gij(x) = S i:j - ^R ikjl x k x l + 0{\x\ 3 ), 

where Rikji are the components of the curvature tensor, see for example [34], and the volume element 
satisfies 

(69) dV g = y/detg dV M 4 = (1 + 0(\x\ 2 ))dV M 4 with V v r dd^ = 0(\x\) and V 2 yfdlTg = 0(1). 

Using the exponential map at xi, we can use coordinates r, 9 in a neighborhood of xi, where r = \x\ > 
and 9 £ S 3 . In these coordinates the volume element dV g and the surface element da g take the form 

dV g = r 3 f(r, 9)drd9; da g = f(r, 9)d9, 

where / is a smooth bounded function on {r > 0}. Using these coordinates, we consider a regular function 
h. Then, letting Af = B 2 ?{xi) \ B?(xi), one has 

j hdV g = j\ 3 dr J h(r,6)f(r,O)d0; ^(r,6) = ^(r,0), 

where v denotes the exterior unit normal to dB?(x{). 

We also use the coordinates z, 9, where z — logr. In these new coordinates we obtain 

dV g = e iz f(z, 9)dzd9; da g = e 3z f(z, 9)d9, 

where f(z,6) = f(e z ,9), and 

^hdVg=J dz J^h(z,9)f(z,9)e 4z d9; —( z ,9) = e - z — (z,6). 

Here we have set (3 = log 2 and s = logf. From (69) we also find 

(70) f(z,9) = l + 0(e 2z ); ^-(z,6) = 0(e 2 *); ^ {Z}9 ) = 0(e 2z ). 
Now we can write 



d_ 

ds 



r r S +P rs+fJ r a 

hdVg = / h(z,9)e iz f(z,9)d9 = / — (h(z 7 9)e iz f{z,9))d9dz 

JA f Js 3 z =s Js JS 3 oz 

(71) = J ^e 4z f(z, 9)d9dz + f h(z, 9) (if(z, 9)e Az + e 4z ^(z, 0)) d9dz. 

Taking a second derivative with respect to s, from the above formulas we obtain 



r f 3h 8 f 

J A hdv " °° J p a: {zJ>e " l ' {i - '""' +i aiJ A hdVs 
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Using the coordinates (r, ff) and integrating by parts we derive 

,8h 



DAr 



dh 

to" 1 ' 



e 2z ^da, 



[ r 2 ^da = [ r 2 AhdV g - f hAr 2 dV g + f h^da a 



dv 



= [ r 2 Ah dV rj -8 [ hdV g + 2 [ he Az da g + [ (Ar 2 - 8)h 

J A f J A f JdAf J Af 



I Af J A 

By the last two formulas we finally get the following equation 



dV g . 



I kdVg-i 


\ kdVg- 


1- / r 2 AhdV g 


1 Af 


J Af 


J Af 



+ J (Ar 2 - 8)h dVg + ^ ^ j ^h(z,6)e 4z ^(z,9)d6dz 



Next we want to apply (72) to the case of h = Ui, and derive a differential equation involving the average 
u r j of m on the annuli A r j. 

Lemma 4.7 Suppose that (xi)i C M, (s/); C R +7 i(M) > si > 0, and that (ui)i satisfies (7) and (9). 
Then, for every I and every r < s; we let 

Wi{z) = voho) j Arl ui dv ° ; z=logr ' 

where A r j is defined in (55). Then the functions Wi(z) solve the following equation 
(73) W[\z) + 2(1 + 0(e 2z ))W' l (z) 



f, r 2 A„uidV„ 

+ 0(e 2z ), for z e (log(a,r,),log*,)- 



Vol{A r ,i) 

We notice that the function Wi(z) coincide with u r j up to the change of variables r ^ z = logr. 
Proof. We first let 



W, 



{*)= I 

JA r ,i 



ui dV„ 



Yi(r) 



dVg, 



z = logr. 



We have clearly 



and 



W{'(z) = 



w , ( ,_ Wi{z)\ _ W[(z)Y l (z)-Y l '(z)W l (z) 



Y 2 (z) Wl'(z)Y l (z)-Y l "(z)W l (z) -2Y l (z)Y l '(z) W{(z)Yi(z) — Y{ (z)Wi(z) 



Using the last two formulas and (72) with Af — A r j and h = ui, after some calculation (which also uses 
(71) with h replaced by yff ) we obtain 



Y,'(z) Ia r 2 A Q mdVg 
W('(z) = 6Wl(z)-2^Wl(z)+ JA - 1 ' '- 



(A g r' - 8)«, + / ^2 



d luM' 



dz | „4z 



dz \ f 



df 

dz 



< '7 f / • ■ i/< • < 



Y t (z) 2 



(A s r 2 



a/ 



4/e 4z + e 4 



..df 
dz 



/me 4 '/ 
Yi(z) 2 ' 
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We notice that, adding and subtracting the average of u r ,z to ui, some cancellation occurs. Moreover, 
from (70) and (71) we get 



Y{{z) 
Yi(z) 



f(4e 4 */ + e 4 *§f) 



Yi(z) 



A + 0{e 2z ). 



Therefore, using these remarks we obtain 



W['(z) = -2(1 + 0(e^))Wl(z) + 



+ 



J (A g r 2 _8)(« I -u r , I ) + J §~ z ^ 



Yi(z) 

' 9 Z' (Ui-Ur,!)^ e 4z f 



df 

+ /(«i-«r,0-T- (4/e 4z + - 42 



9/ 



(A 5 r 2 



/ V 5z 

9/ 

9z I / 



/ 

dz 
f 



( Is. ) e 4z f + I "<L ( 4 /e 4z + e 4 ^ 



/ (ui - u r ,i)e 4z f 



We next estimate the terms in the last three lines of this expression. We begin by noticing that ( Ar 2 — 8) = 
0(r 2 ), which can be deduced from elementary computations in local coordinates. This and the Poincare 
inequality imply 



J(A g r 2 -8){ Ul -u r j)dV g < Ce3z J A \Vu t \dV g , 



z = logr. 



From Lemma 2.3 then one finds 



< Ce 



J (A g r 2 -8)(«i -Ur,i)dV g 
Similarly using (70) and also the fact that ^ = ^f-|| = 0(e 2 |Vu;|), we obtain 

f 0(e 2z )\u l -u r , l \dV g + [ 0(e 3z )\V Ul \dV g 



/ 



< 

J j 

Ce 6z . 



Reasoning in the same way for the remaining terms we finally deduce 



W('(z) + 2(1 + 0(e 2z ))Wl(z) = 



Yi(z) 



+ 0(e 2z ). 



Then the last four estimates imply the first equation in (73). ■ 

Remark 4.8 Using (71) with Af — A r j, and with h = ui (or with h = 1 to compute Y{), we obtain 



Wl(z) 



(L 



/e 4z 



If we denote again by u r j the average of ui in the annulus A r j, adding and subtracting this average from 
ui in the last formula we get some cancellations and we are left with 



W{(z) = 



Lj^l-^i) ^ z %)+j Ari ^ z f] f Ari fe* z [j Ari e 4 *f|] J A J Ul -u r ,)f 



=42 



(X /« 



Az 
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As a byproduct of this formula and the Poincare inequality we deduce 

\W t (z)\ < C ; — —r -. V Cr •— — < Cr ' . 

Yi{z) Y t (z) Yi{z) 

Then, applying Lemma 2.3, we find 

(74) \W[(z)\ < C. 



In the next lemma we study the solutions of (73) in the case of a simple blow-up. When x = and 
A = 1, the function {too, see (38), is of the form 



Uoo(x) = log 



From straightforward computations one finds 



UoodVg.4 = 27T 2 

1 



15 

— r 4 log 2 + 4r 4 log 



4 k 
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1 + 4r 2 



4 r 



-log(l + 4r 2 ) 



^r 4 log 



1 



1 



- ^log(l + r 2 ) 



l + r 2 

Scaling back to w;, using (52) and some elementary estimates one deduces (for t > large and fixed) 

(75) T^(logr ; + t ) = -2t + C - logn + 0{er 2t ) + o;(l); W/(logn + t) = -2 + 0( e - 2t ) + oj(l), 

where C is some explicit positive constant. 

Now we prove some upper bounds for the function Wi. Notice from (75) that Wi at z — logn + 1 (t 
large and fixed) has slope close to —2. Given 7 e (1, 2), we consider an affine function h? tx which coincides 
with Wi for z ~ logn and which has slope —7 > —2. The next lemma asserts that indeed Wi(z) < t (z) 
until z gets close to log si . This is helpful to get integral estimates on e 4 "' , which is done at the end of 
the section. 

Lemma 4.9 Suppose (xi)i, (ri)i, (si)i are a simple blow-up for (ui)i, and let (Wi)i be given by Lemma 
4-7. Given 7 G (1, 2) and t > 0, consider the following functions 

h li( z ) = -i( z - lo sn - *) + Wi{\ogn + t). 

Then there exist ti — > +00 arbitrarily slowly and C 7 > such that for I large 

Wi{z) < h1 ul {z); ze [logn + t u log sj-C 7 ]. 

Proof. Recall that (Wj); are solutions of (73) satisfying the initial conditions (75) for any large and 
fixed t. If ti — > +00 sufficiently slowly we can also replace t by ti in (75), namely we can also assume 
that 



(76) 



W;(logn + ti) = -2t t + C - logr; + 01 (1); 



W/(logn+*;) = -2 + o,(l). 



Suppose by contradiction that there exist ~s~i G [log n, log s/], with logs/ — s; — > +00 such that W, 
intersects h] l for the first time. We notice that, by the asymptotics in (75), it must also be si— logn— U — * 
+00 if ti — > +00 sufficiently slowly. Then we have 

Wi{si) = hlfiO; Wi'(3,)>-7- 
We now choose a sequence of real numbers (i?;), by means of the following condition 

Hi = sup G M : ^ + i? < T4^ ; in [logn + tj, sj]} . 
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By (75) it must be Hi — > — oo as I — > +00 (provided tj — > +00 sufficiently slowly), and there exist s; such 
that 

(77) ^(50 = ^(51) + ^; Wi'(Sj) = - I y^; Wi"(5i)>0. 
Moreover, by (74) and (75), S; satisfies 

(78) |s; — I — > +00 as I — > +00; |sj — logr; — | > +00 as I — > +00. 
Next we claim that, for C > sufficiently large, the following property holds 

(79) / e 4 "W s ^0 as/ ^+00. 

7b ,, (xi)\B eH (xi) 

In order to prove this claim, let us recall that by our choice of ~§i, it is Wi{z) < /ij j(,z) for every 

z e [log 77 + tj,s/]. Dividing the region B e s, (xi) \ B e t lTl {xi) into concentric annuli A' rl (see (56)) of 

it ' 

suitable radii, we get 

/ e^dV g < jh j e 4 "W 9 , 



where 



Given 76 (1,2), from Lemma 4.5 it follows that 

/ e 4 "W 3 < C\Ar Uil \e m '^ < Crf je 4W ^ f ^ < Cff e 4h U l °^) . j = i, . . . 



From the expression of h] l and (76) we deduce 



^^(logn,,) < Cf 4_ exp ^ (log _ logr; _ ^ _ ^ + c _ logr; + o;(1) ^ 
= Cf\ 3 exp [-47 log fj j + 4(7 - 1) logrj + 4( 7 - 2)tj + C + o;(l)] 

/ \ 4 (7-l) / r \ 4(7-1) /t .\4(7-l)j" 

< C ( IL ) e 4(7-2)t, = c [ 4- ) e 4 ^- 2 )*' [ - 



4e*< / V 7 



Hence it follows that 

r / z, \ 4 (7-l) 00 /c\4(7-l)j 

/ e 4u >dV g <c(^-) e 4 ^V(^) 



0. 



since 7 G (1, 2) and since ti — ► +00. This proves (79). 

We can now apply Lemma 4.6 with Ej — e tl ri, Si — ^=r, and logr = §1. Also, by (78) and (79), we can 
choose e = ei — > and i? = i?; — > +00 sufficiently slowly. Therefore, from Lemma 4.6 and Proposition 
3.4 (see in particular (39)) we deduce that 

/ \x- Xl \ 2 (-Aui(x))dV g (x) = ^ / /,dK fl + o,(l) e 4s ~< > (307r 2 + Oi (l))e 451 . 

JA e - a I 8 Jb^CxO J 
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On the other hand, from (73) and the last two conditions in (77) we find 

/ \x- Xl \ 2 (-A Ul (x))dV g (x) = [-Wi'ih)- 2(1 + 0(e 2S '))Wl(s l ) + 0(e 2S ')]Y l (s l ) 



Since 7 < 2, from the last two inequalities we get a contradiction. This concludes the proof of the Lemma. 



< [ 1 + 2 + o l (l)}(^+o l (l))e is ' 



We are finally in position to prove Proposition 4.2. 

Proof of Proposition 4.2. It is sufficient to apply Lemma 4.9 and to reason as for the proof of (79). 
In fact, in this way we get 



B e *j_(xi)\B e t lri (xi) 



e 4u 'dV g ^0 as I -^+00. 



Moreover, choosing 6; = e tl in (39) and ti — > +00 sufficiently slowly, we also get 

8n 2 



[ e Aui dV g as I -» +00. 

JB hin { Xl ) k 



The last two formulas yield the conclusion. 



5 Proof of Theorem 1.1 

We prove first the theorem under the assumption (13), and we postpone the remaining cases to a second 
subsection. 

5.1 Proof under the assumption (13) 

In this subsection we show how a general blow-up phenomenon can be essentially reduced to the case 
of finitely-many simple blow-ups. We divide the proof into three steps, and we always assume that 
(m)i is a sequence satisfying (9) and (20). We recall that the integer k is defined by the condition 

k Q G (8/c7T 2 ,8(fc + l)7T 2 ). 

Step 1. There exist an integer j < k, sequences (x\j)i, . . . (xj,i)i C M and radii (ri^);, . . . , (r^y);, 
(fi t i)i, . . . , {fj t i)i — > satisfying the properties (for some a G (0, 1)) 

(80) — -> +oo (slowly) as I -> +oo; B? , n B f „ , = for i ^ h; 

n,i 

(81) Vi?>0 fl^-log^-i-p- IlogQfco) intf 4 (i^ 4 )nC«0<) as / ^ 

(82) Vp > 03Cp > s.t. if / e 4tI W 9 > p with B s {y) C M \ u| =1 .B fi , (x u ), then s > C~ l di{y), 

Jb s { v ) 

where di(y) = min^i,...^- \y — Xi t i\. Here tt;j denotes the function obtained using the procedure in Section 
3, but scaling around the point Xij with a factor r^. 
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In order to prove Step 1, we consider a small number p > 0, say p € ^0, , and we define sequences 
{xi,i)i C M, (n^i C K + satisfying 

e 4 "' rfFg = max / e 4ui dV g = p. 
B riJ (xi,i) xeM J Bril (x) 

If (20) holds, it must be r\ i — > as I — > +oo. In fact, if it were ri j > C _1 , we could apply Proposition 
3.1 to get uniform LP bounds on e 4 ( u i- u i) for some p > 1. This fact and the Jensen inequality would 
yield 

1 = e 4 " 1 f e i( - u '-^dV g < Ce mi ; ui < C, 

Jm 

and hence uniform bounds on e 4 " 1 in L P (M). This would imply, by elliptic regularity results, uniform 
bounds in H 2 (M) on (ui)i, which is a contradiction to our assumptions. 

Then, if tends to infinity sufficiently slowly, (r"i ; ;); and (fi t i)i satisfy (32), so Proposition 3.4 
applies yielding the existence of a bubble, giving (81) for i — 1 and 

2 



/ e^dV a = ^+ 0l (l). 

If (82) holds for j = 1, Step 1 is proved. 

If (82) docs not hold, there exists p\ > 0, which can be assumed belonging to ^0, j^j , and there exist 
sequences (yi)i C M, fi C R + such that 

(83) / e iu 'dV g > Pl ; B- ( (y ; ) C M \ B fll (x u ); - f ^ as I -» +oo. 

Now we define r 2i ; and X2,i such that 

/ e iui dV g = max / e 4u W s =pi. 

By Proposition 3.4 it is easy to see that if ^ — » +oo sufficiently slowly, then we have 

(84) — f ^0; — r^O asZ^+oo, 

\Xl,l-X2,l\ \Xl,l-X2,l\ 

which in particular implies r2,i as I — > +oo. Therefore, by the last formula we can find r 2 ,i Q R + 
such that 



e Ul dV g < pi for every y € B? 2 , (#2,0; i : r - * as I — > +oo. 



Then Proposition 3.4 applies yielding the existence of a second bubble. 

Continuing in this way, we see immediately that j cannot exceed k, since every bubble contributes an 
amount of to the volume and since we are assuming (9). This concludes the proof of Step 1. 



Step 2. If in Step 1 it is j = 1, then there holds 



JM 



8tt 2 
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In this case, if we choose si = ^i(M) for every I, where i(M) is the injectivity radius of M, then by 
(82) (xi.i)i, {ri.i)i, (si)i are a simple blow-up for u;. Therefore Proposition 4.2 applies and, since (s/)/ is 
uniformly bounded from below, there exists C > such that for I large 

(86) / e ^=^f+ 0l {l). 
We prove first the following property 

(87) ui — > — oo as / — » +oo. 

In fact, using the Green's representation formula, for a.e. x <G M we obtain 

«i(*)=«i+ / G(z,y)(2fc ;e 4 "'(y)- 20^(2,) >u,-C + / G(x, y)2k l e Aui {y)dV g {y). 
Jm Jm 

By (81) and (51), given any small e > 0, there exists Rg such that, for I sufficiently large 



B fi _ rM (x M ) 



2he 2ui > 16tt 2 - 2tt 2 £. 



Hence the last two formulas and (23) imply 

e 4„ i( x) > cr-i e 4«, for |a. _ x | > 2i? e n. z , 

from which it follows that 

(88) / e iu 'dV g > e 4Ml dV g >C-' l e* ai I s s ~ b ds > C' 1 e iui {R s r h if- 4 . 

JM ■'Bi(M)(xi,|)\B2K s r 1 ,,(si,l) J2R iri ,l 

If e is sufficiently small, the last factor tends to +oo as Z — » +oo. Therefore (87) follows from (9). 

Now, by (82), we can cover M \ B c -i{x\^) with a finite number of balls B ri (yi), i = 1, . . . ,£ such 
that for every i there holds J B ^ ^ e 4tl! dVg < Reasoning as in the proof of Proposition 3.1 one then 



finds 



f e iu > < Ce iUl sup / ( T-^—r") < Ce Aui 

JM\B n - 1 (x 1 A yeM,i=i,...,eJM \ \ x ~y\J 



0. 



'M\B c _i(n,l) 

Then (86) and the last formula conclude the proof of Step 2. 
Step 3. If j in Step 1 is arbitrary, there holds 

(89) / e ^'dV g = ^j + 0l (l). 



If j > 1 we reason as in [36], and we analyze the clustering of accumulation points. By relabelling the 
indices, we can assume that 

(90) \x 1A - x 2 .i\ = inf \xi.i - Xh,i\ -> as I -» +oo. 

Of course, if inf,^ \xi t i — Xh,i\ ■/* 0, then we could reason as in Step 2 a finite number of times. Assuming 
(90), we consider the set X\j C {x\j, . . . ,Xh,i} of accumulation points for which the distance from Xij 
is comparable to \x\ t i — X2,i\, namely for which there exists C > (independent of I) such that 

\xi,i - x lt i\ < C\xi.i - x 2 .i\; i = 2,...,h = card(X lt i). 
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By our choices of the points x\j, . . . , Xh,i and by (90), one easily checks that the three sequences 
{xi,l)l, { r i,i)i and C~ 1 \xij — x 2 j\, i = 1, . . . , h, are a simple blow-up if C is sufficiently large, and Propo- 
sition 4.2 applies yielding 



(91) 



8tt 

dV g = — +oj(l); i = l,...,/i. 



Our next claim is that there is no further concentration in a neighborhood of X\ t i of size comparable to 
\xi,l — x 2,i\- More precisely we have the following result. 



Lemma 5.1 In the above notation, for any large and fixed C there holds 

<*«<dV !} = 8 



(92) 



Ib, 



g - - [r card{Xij) + oi(l). 



k 



Proof. In order to prove this claim we use a variant of the argument in Step 2. First of all, for p small 
and fixed, we can cover the set B c \ Xll _ X2l \{x u ) \ U i=li ... ih B c -i lxil _ X2 ^ (x iit ) with £ t balls B Pnl (y nJ ), 
n = 1, . . . , £i, with the following properties 

(93) ii<C; C- 1 \x u -x 2tl \ <p n ,i<C\x u -x 2 ,i\, f e 4u 'dV g <p n = l,...,£ l . 



Reasoning as in the proof of Proposition 3.1 one finds 



e iu 'dV C 



L 



B Pn ,(Vn,l) 



dV g (x) exp 



4 / G(x,y)2kie 4u ^dV g (y) 

M\B 2Pnl (y n j) 



I (i 

J B 2 „_ , (Vn.l) \ I 



>B 2Pnl (»„,,) \ F-tfl 

From (23) and (91), after some computation we get 



e iui dV g (y). 



e 4u 'dV a ■ C 



' fl p„.i («».') 
(94) 



/ 4 / 

JB Pnl (y n ,i) J A 



'M\yB 2Pn l (Kn,l)UB c -i| x Z2|| | (xi,,) 



G(x,y)2kie 4u '^dV g {y) 



x |a;i,, - a;2,j|" 8+ol(1) ki,i - a^jf-^e^W^aO 



< C sup 

x £B Pn l (y n ,i) 
-h 

x bi/ - a; 2 ,i| " 



M M B 2p„ ,,(l/n,l)UB -l| Xl ^ ( (X!,, 



G(x,y)k l e 4u ^dV g (y) 



-+0|(1) 4u ( 



since p n j is bounded from above by C\x\j — x 2 j\. 

On the other hand, if i and Ri are as in Step 2, we also have 

ui{x) > -C + ui+ f G{x,y)2k l e 4u ^dV g {y) 
Jm\b c _ Mxii _ X2i] { x ^) 

2 

+ / G(x,y)2he 4u ^dV g (y), a.e. x € fi c -i Kr , ;||l (an,,) \ B 2RiTl l (x u ). 



2G 



Reasoning as for (88), we then deduce that 



1 > 



B C"'| 111 -, 2i ,| (xi,l)\B2R s r ltl (xi,l) 
4 



e^dV g >C^e iUl {R s r u ) 



e-4 



x inf 

z£B r .-i i i (xi /) 
1 



M\^B 2Pn| ,(y n ,,)UB c _ 1| a2i[| (* M ) 



G(z,y)fc ;e 4 ^>d^(y) 



Now we notice that by (93) and (23) one has 

|G(2,y)-G(a:,y)| < C; x G B Pn l {y nt i),y G M \ ^(wlUB^y^Mj 



and for z e Bc-^^fe.i)- 



From (94) and the last two formulas it follows that 



e 4ui dV g < C\x u - x 2 ,i\~^ +0l{1) {Reri,if- A -»0, as / -» +oo, 



by (84). Then the conclusion follows from (91) and the fact that #c|xi t _ Xi ^(^i,;) \ 



since i ■ r 

U»=i,...,/ l S c .-i| a . 1 ; _ X2 ,| (a;»,j) is covered by a finite (and uniformly bounded) number of balls B Pn , (?/„,;). ■ 
Now we let 

di,j=iof{|a;i,j-a;i ii | : a^^X^}. 
Note that, by our definition of X\ we have , — r — > +oo as Z — > +oo. We prove next the following 

I *t-i ,z *2,( I 

result, which improves the estimate in formula (92) to a larger set. 



Lemma 5.2 There exists C > such that for I large 



(95) 



8n 2 



f e iu 'alV g = ^-card{X ltl ) + 0j (l). 

• /b c-i«» 1 , i (zi,i) fc ° 



Proof. The proof follow closely the arguments of Proposition 4.2, hence we will be sketchy. We use 
the same notation as in Section 4 for the functions (Wj)j and the annuli A r ^, except for the fact that 
now we take xij as centers, hence replacing the points x\. 

First of all we notice that, by the arbitrarity of C in Lemma 5.1, there exists Zi — > +oo such that 



(96) 



L 



e 4ui dV„^0 as/^+oo. 



' B "- 4Z l |x li ,-X 2i ,|( a;i ' , ^- B0 l a! l,|- a! 2,||( a:i .') 

Using the Jensen inequality in the annulus B e 4z, | Xi ; _ X2 ,| (zi,() \ £? e z, | Xl t _ X2 l \{x\j), it follows that 



(97) 



sup (z + Wi{z)) — * — oo as Z — > +oo. 

ZS[Zi+log Ixi.i-Xg.iM^j+log |X1,I-X 2 ,|| 



Our next goal is to prove that also 

(98) W{(z) = -2card{X hl ) + oi(l); for z e [2Z, + log ^i,, - s 2 ,i|, 3Z, + log |a; 1;i - as 2 ,i|]- 

In order to show this, we notice that by the second formula in Remark 4.8 and by some manipulation 
(reasoning as in the proof of Lemma 4.7), there holds 



f *ii fr> 4z 
JA rl dz J 



W{(z) 



+ 0(e 2z ); for z e [Zi + log \x h i - x 2 ,z|,4Zj + log |ari,i - x 2 ,i\],r = e z . 
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Using the Green's representation formula we obtain 

9u f d x G(x,y) f d x G{x,y) 

~-(a0 - / jr fi(y)dV g (y)+ — fi{y)dV g {y) 

dr J Bz u (xi,,) C>r JM\B iZll (xi,,) * 

/" d x G{x,y) 
+ / 31 fi{y)dV g (y). 

From (25), Lemma 5.1 and (96) it follows that, for — ► +oo sufficiently slowly 

f d x G(x,y) 2card(X u ) 

/ ^ fi(y)dV g {y) = : — + oi(l). 

Jb Zi . .(X!,,) * |a:-a;i,i| 

Also, reasoning as in the proof of Lemma 2.3 and using (96) one finds that 



Finally, since Z, — » +oo one also finds that 

Recalling that ^ = with r = dist(x, Xij), the last three formulas yield (98). 

Now, for 7 e (1,2) wc consider the following sequence of functions 

h~{(z) = - 7 (a: - log |asi,i - X2,i\ - 2Zi) + Wi(log \x u - x 2 ,i\ + 2Z t ). 

Exactly as in the proof of Proposition 4.2 one can show that 

Wi(z) < h]{z); ze [log|a;i i; -a; 2i i| + 2Z ; ,logd li i-C 7 ]. 

As above, we define 



o(l)\x-x u \ 3 



4 2Z _ ./7V [5 di.i 5 d u 

5 e 1*1,1 *2,i|^ , ^\ AC e^\x l , l -x 2 , l \ , 2Ce^\x u -X2,i\ 



and we obtain 

/ e 4u 'dV g < C\A fl] i\e mi ^ < Cff ,e w '^^i' < Cff^^u). j = l, . . 



From the expression of ft-J 1 ' and (97) we deduce 

^^(logf,,) < ^ exp [4 ( _ 7 (logf;j _ lQg _ X2 ; j _ 2Z;) + ^ ;(log | a , ij( _ + 2Z;))] 
< oii^ffj exp [-47logfij + 4( 7 - 1) log \x h i - x 2 ,i\ + 8(7 - 2)Z ; ] 



As before we then find 

00 /c\ 4 (T-ib' 



JBjy (^)\Bc| I1;1 - l2! |(i.) J=0 V'/ 
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This formula, joint with (92), yields the conclusion of the Lemma. ■ 

The proof of Step 3 follows from the arguments of Lemmas 5.1, 5.2, repeating the procedure for all the 
clusters of the points of {xij, . . . , Xjj} \ X\j. 

The proof of the theorem is now an easy consequence of (9) and (85) , since k is not an integer multiple 

0f87T 2 . 

5.2 The case k < 8tt 2 

In this final subsection we consider the cases in which P g possesses some negative eigenvalues and fco < 
8tt 2 . We prove first the following result, which regards boundedncss of the ^-component of sequences of 



Lemma 5.3 Suppose P g possesses some negative eigenvalues, and suppose that kerP g = {constants} . 
Let (ui)i C H 2 (M) be a sequence satisfying (7) -(9). Let us write ui = in + ui with iii £ V and ui _L V , 
where V denotes the direct sum of the negative eigenspaces of P g . Then there holds 

\\ui\\h 2 (m) < C, 
for some positive constant C independent of I. 

Proof. Let V\, . . . , Vj be as in (17). Then, by standard elliptic regularity theory, each Vi is smooth on 
M. Testing (7) on ui we obtain 



Using (9), the fact that on V the L°°-norm is equivalent to the i7 2 -norm, and the Poincare inequality, 
from the last formula we deduce that 

-(P g ui,ui) = 0(l)\\ui\\ H 2( M y 

Since P g is negative-definite on V, the conclusion follows. ■ 

Next, we consider separately the following three possibilities, one of which will always occur for fco < 8ir 2 
and for I sufficiently large. 

Case 1: fc; < 0. First of all, using the Jensen inequality we find immediately that ui < C, for some 
constant C independent of I. Then, multiplying (7) by ui and integrating on M, using the Poincare 
inequality and Lemma 5.3, we find 



Again by Lemma 5.3, this implies uniform bounds on \\ui — ui\\ and hence, by (19), uniform L p bounds 
on e 4ui for any p > 1. Then the conclusion follows from standard elliptic regularity results. 

Case 2: < fc;2 < tt 2 . Since we are assuming (9), we easily see that the alternative (26) in Proposition 
3.1 cannot occur. Therefore, reasoning as in the previous case, we obtain uniform LP bounds on e 4ui for 
some p > 1 . 

Case 3: 2tt 2 < fc; < ^(fco + 87r 2 ) < 87r 2 . In this case it is fco > 0. Assuming (ui)i unbounded, Proposition 
3.4 applies, and (39) gives a contradiction to (9), since fco < 87r 2 . 



solutions. 
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